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Preface 


This is the preface and it is created using a TeX field in a paragraph by itself containing \chapter*{Preface}. 
When the document is loaded, this appears if it were a normal chapter, but it is actually an unnumbered 
chapter. 


CHAPTER 1 


AM-GM Inequality 


1. Arithmetic Mean - Geometric Mean 
Lets go from scratch, 


DEFINITION 1 (Arithmetic Mean). Arithmetic mean of two non-negative real numbers a and b is 
defined as the average of the two numbers and is mathematically expressed as - 
at+b 


A.M. = 9 


where ofcourse, 
A.M. stands for the arithmetic mean of the two concerned non-negative real numbers - a and b. 
Extending this idea to n-variables - a1, a2, 43, ..,@n we get that - 
Q, +a, +43t+..+@n _ eae 
n o n 


A.M. = 


DEFINITION 2 (Geometric Mean). Geometric Mean of two real numbers is the collection of positive 
real numbers is the nth root of the product of the numbers. Note that if it is even, we take the positive nth 
root and it is mathematically expressed as - 


G.M. = Vab 


where, 
G.M. stands for Geometric Mean of the two concerned non-negative real numbers - a and b 


Extending this idea to n-variables - a1, a2, 43, ..,@n, we get that - 
n 
1 a 
G.M. = (a1a243...dy)" = ail ai)” 
i=1 


Recall the fact that for any real number x , we know that x? > 0. 
therfore we know that for all non-negative real numbers - \/a and Vb - 


(Va — vb)? >0 
a+b—2Vab>0 


0S ab 


ring any bells? 
yes you have probably spotted that LHS of the inequality is the arithmetic mean we discussed and 
ofcourse the RHS is the geometric mean. Now this encourages the following proposition - 


THEOREM 1. Arithmetic Mean of some ’n’ non-negative real numbers is always greatern than or equal 
to the Geometric Mean of the same 


2 1. AM-GM INEQUALITY 
is that true? if so where is the validity? by seeing that it is true for certaina two positive reals doesnt 
imply a wider truth for any number of variables. 


2. Proof 


PROoF. Lets proceede by proving the above statement for smaller numbers and eventually the general 
case- 
Since we know that A.M. > G.M. for two variables we have - 


also we have - 


PE [a= ost 


p+qtrt+s P+ EL ved t vrs 
= 2 


combining we get that- 


> (pqrs)4 
Ory. 

pata > (pqrs)4 
which is AM-GM inequality for 4 variables!!! 

With a similar idea we can do the same as above for 8 - variables by splitting into 4-4 and using AM-GM 
for 4 variables. 

Now something should be irking in your mind.... Can’t we prove in the same way for any n?? - the 
answer is NO. Why not? - well this covers only 2-powers not even even integers.. so this proof is incomplete 
considering the general case. But a proof with the same idea can be given by induction for any 2-powers.It 
goes as follows - 

Consider 2+! variables - a1, a2, 43, ..., @gr+1 

Assume the truth of the statement for 2", we shall prove it for 2**! 

Since it is true for 2", we have - 


a, + Ag+ 43 +... + Agr 21% 
Qk 2° > (aa243..a9x)2* —+ (1) 
and 
: Agr44 t agk19 } Agk13 +... 4 Agk+1 a 
3k > (gk 41 Qk 499k 13..-Ggr+1) 2 —_ (2) 
again, 


3+ 


1 
; Qk i — 
(1) * (2) _ uta — aang (41.4203..g%) 2° + see > lite ieee a 


a, +a9+ 43 +... + Agr+1 
9k+1 
thus by induction it is proved for all powers of 2!!! this is a bit closer to the full proof.. 
But then what about 6,10.. and 3,5, 7... how do we prove them..? 
with a little bit of trickery we get away with 3 - since the inequality is true for 4 we have - 


a+b+c+ (abc)? 
4 


> (a1 a243..dyK41) 2 


> (abe) 3"4 = (abe)5 


and this re-arranges to - 
a+b+c 


3 > (abc) 3 


2. PROOF 3 
which is the AM-GM inequality for 3 reals!!!! this can also be done by the following way - 


atb+c 
a+b+c+ (S37 Y Siineea a eee a 
4 3 
that is.. 
at+b+e at+b+e 


5 = [abe (4 
which re-arranges to - 
b 
a > (abe) 3 
The above two proofs crucially modifies our way of looking at AM- GM inequality. Let us re-define 
ourselves the meaning of AM,GM into - 
A.M. = sum equaliser 
G.M. = product equaliser 
what does that mean ? It means that say A is the A.M. of 3 variables x,y, z and G the G.M. then - 


t+y+z2=3A 


and, 
g.y.2=G? 
If we know that the inequality is true for a certain m , then for any n such that m > n we can prove 
the validity of AM-GM inequality as follows- 


a, t+ag+...+@n +(m—n)A 


> (aya2a3..an)* Am 


or 


= A>G 
thus we have prove the AM-GM inequality for any ’n’ as we know it to be true for any 2”.. or - 


A.M.>G.M. 


for any n This is trivial looking inequality is probably the most celebrated of all that we all shall discuss in 
this book.It has far and wide applications.. 


ProoF. The inequality is true for 2n if it is true for n or it is true for all powers of 2 (already proved) 
Suppose that the inequality is true for n numbers.We then choose 


where, 

§S=a,+0,+03+....+ An 
According to the inductive hypothesis, we get 
Q14202Q3...an°S 


)n 


<> s>(n- 1)(a1a243..dy) 77 


s+ : > n( 


n-17~ n—-1 


Therfore if the inequality is true for n numbers than it will be true for n — 1 numbers and by induction 
(Cauchy Induction),the inequality is true for every natural number n .Equality occurs if and only if a; = 
ag = a3 =... = An 


V 


4 1. AM-GM INEQUALITY 
3. Beginners’ Practice Problems 


1. For a,b,c € R{ Prove that 
(a+6)(b+c)(c+ a) > 8abc 


Solution 


Note that by AM-GM, 


a+b>2vVab 
b+c>2vbc 
cta> 2V/ca 


multiplying the above inequalities we get the desired with equality for a=b=c 
V 


2.For a,b,c € R¢. Prove that 
a? +67 +c? > ab+bct+ca 


Solution 
a? +b? > 2ab 


b? +c? > 2be 


+a? > 2ac 


adding this we get the desired with equality fora =b=c 
V 


3. For a,b,c € R* such that - a+ b+ c= 2.Prove that 
abe > 8(1 — a)(1 — b)(1—c) 


Solution 
Set l—-a=2,1-—b=y,1-—c=z 
therfore by condition, 
c=2+y,b=24+2z,4=yH+2 


substituting this in the inequality we get that it is equivalent to - 


(a+ y)(y + 2)(2 + &) > Bayz 


which we just proved! with equality fora =b=c= 2 


V 


4. For a,b,c € R*.Prove that - 
(ab + b?c + c’a)(a*e + b?a + c7b) > 9a7b?e? 
Solution Observe that by AM-GM- 
a*b + b?c + ca > 3abe 


3. BEGINNERS’ PRACTICE PROBLEMS 5 


and, 
a?c+b?a+ cb > 3abe 


multiply the above two inequalities to get the desired with equality for a= b=c 


V 


5.For a,b,c € Rg Prove that - 
soe oS abce(Vab + Voc + ca) 


(Source:Nagasaki University 1970) 
Solution 


This problem seems a step tougher to novice. Expanding the RHS will not lead in the correct direction. Let 
us try to transform this inequality into an equivalent one that for convenient sake looks simpler. One way 
of this being done is by taking abc to the LHS - 


at + b4 + ct > abc(Vab + Voc + ca) 


3 —_ 
—> + + > Vab + Voe+ Vea 


a a > 


be be ca ab 


b? b? Co @ 

t t t > 4b 
ac ac ba ch 
eo && @ Bb 

t t >A4 
ab ba be ae ca . 


the three inequalities are true by AM-GM, add these inequality to get - 


a? b3 foul 


+—+— >atbt+c> Vab+ Vbce+ Vea 
be ca ab 


notice that the last inequality is true and is equivalent to Problem 2 thus we have proved the inequality with 
equality fora =b=c 


(by M.Ramchandran) 
aliter: Alternatively another ingenious AM-GM solution will be notice by AM-GM that - 


4. 9p4 , 9,4 
Stel oe * ae > abc ab 
3b* + 3c* + 2a? = 
a > abeW be 
41 3944 954 _ 
ae ae Sede 


adding these inequalities we get the desired. 
(by Mathias Tejs) 
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Note It is not expected of the reader to get the above two proofs (if he/she is a newbie). Such proofs 


come due to some strong observation and several wrong tries(like mine.. :P). Both involved splitting the 
terms into terms with suitable co-efficients which shall come as time goes. So dont get disheartened or 
awed. 

6. For a,b,c € Rq such that a +b+c+d=1.Prove that - 


1 
ab+be+cd< ri 


Solution Write the Inequality using the given condition as - 


(a+b+c+d)? 


b+ < 
a be+cd < ‘i 


By AM-GM, 


Sastre ae 5 (atria ested) 
4 > 2 
with the equality fora =b=c,d=0 o0rd=c=b,a=0 


)? > (atc)\(b+d) =ab+be+ced+da > ab+be+ cd 


(by M.Ramchandran) 


7. For a,b,c € R¢ .Prove that - 


Solution Note that by AM-GM, 


for all non-negative reals x, y thus, 


ai+bt +e eta’ Lat Ces Cte. ee 
ots. be eta - 2 2 50 : 
with equality fora =b=c 
V 
8. For a,b,c € R¢ such that a+6+c+d=1.Prove that - 
a? “ b? é C ad? x! 
at+b' b+ce'ct+d dta~ 2 
Solution We have - 
(a—b6)+(b-—c)+(c—d)+(d—a)=0 
a P-e @-d d-da 
- =0 
a+b b+e c+d d+a 
a? b? Ce a b? Cc a a? 
+ . = 
a+b b+e c+td d+a a+b b+e c+d dt+a 


thus multiplying the original inequality to be proven by 2 we get that - 


ate P+ C@+d d@+a? 
>1= b d 
a+b b+e c+d d+a ~— CaN eT 


which can be proved by proceeding similar to the previous question. 


(by R.Keerthan) 
V 
Thus we close this section in the notion that the reader has atleast become familiar with the concepts 
that have been explained. 
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4. Geometric Interpretations 


5. AM-GM Tautogrid Technique 


While dealing with inequalities sometimes we might be having the denominators as the trouble terms 
and applying AM-GM in a tricky way we suprisingly are able to solve some rather difficult-looking inequal- 
ities. I shall demonstrate the method through the following inequalities. It certainly isnt rocket-science just 
some common sense which probably the reader might have arrived at with some 5 minutes of genuine thinking. 


1. For a,b,c € R*.Prove that - 


aa BF? 
So ee ae 
b Cc a 
Solution Note that by AM-GM, 
2 
> +b> 2a 
b2 
—+c> 2b 
c 
2 
“44 > 2c 
a 


adding the above inequalities we get the desired with equality for a = b=c 
V 
2.For a,b,c € R¢ Prove that - 
at +64 +.c* > abce(Vab + Voc + ca) 
(Source:Nagasaki University 
1970) 
Solution Proceed as in my solution until you get - 
oo pp 
| >atb+c> Vab+ Vbce+ Vea 
be ca ab 
The last but one inequality can also be proved in a simple way as follows - 


Fate Toa 
3 
OF ae yes ap 
ca 
3 
—+a+b>3c 
ab 


Note: What is the trick? - the idea is the remove the trouble terms and here they are present in the 
denominator so we do it by adding suuitably. 
3. For a,b,c € R¢ such that a+6+c+d= 1.Prove that - 


Solution BY AM-GM, 


a? a+b 

+ a 
at+b 4 
b? b+e 

+ >b 
bt+e 4 — 
C sed. 
ct+d 4 = © 
a d+a 

ae > 
d+a 4 2d 


1. AM-GM INEQUALITY 
adding these we get the desired. with equality fora =b=c=d= 7 


(by M.Ramchandran) 
V 
4. For a,b,c € R¢ such that ab + bc + cd + da = 1.Prove that- 


a? 1 
yo} 
b+c+d7~ 3 


cyclic 
Solution By AM-GM, 

a® b+cect+d il a 

ne av > 
b+c+d 18 127 2 
b3 ater ey wu b 
at+c+d 18 ii ae 
3 b+at+d 1 c 

+ > 
b+a+d 18 12-5" 2 
ad b+ct+a d 

> 
b+ct+a 18 127 2 


Add these inequalities to get - 


at+b+c+d-1 
3 


LHS > 
and also frolm AM-GM, 
(a+b+c+d)? > 4(a+c)(b+d) =4 
or 
a+b+c+d>2 
and the conclusion follows. With equallity fora =b=c=d= i 
(by mathlinks user : quykhtn-qa1) 


V 
5. For a,b,c € R* such that a+ b+ c= 2.Prove that- 
a b é és 
b(a+b) ' cb+c) * alate) 


(Source:Own Inequality) 
Solution By AM-GM, 


a 
+b)a+ab>3 
Cem ak Ja+ab> 3a 
b 
+ b)b+ cb > 3b 
can )b+ cb > 3 
c 
4 > 
Ce Je + ac > 3c 
or , 
a 
> 3(a+b +b+c)?=6-4=2 
Pe a+b = (a +c)—(a Cc) 
but the equality case cant occur so the inequality sign becomes strict. 
V 
6. For 2,y,z € R®* such that xyz = 1 .Prove that - 
x y 23 3 


a > 
(li+y)1+z) (l+a2)4+z) (l+a)(1lt+y)7~ 4 

(Source: IMO Shortlist 1998) 
Solution By AM-GM 


(1+y)(1+2) 8 8 ~ 4 


3 
x Die Paes oe 


6. NESSBIT"S sae eae 3 9 
x 
= > 2x —1)>2 
> (it+y(+2)~4 Des aG 


cyclic cyclic 
Equality forr¢ =y=z=1 
; V 
7. For a,b € R¢ such that a + b = 1 Prove that - 
a? b? 
ao >1 
1+6b 1+a 


Solution By AM-GM, 


> 
b+1 9 ~ 8 
2 
b atl, 2b 
a+1 9 ~ 8 


1 
add these to get the result with equality for a = b = 5 
V 
6. Nessbit’s Inequality 


This a very famous,well-known and well discussed inequality. Most problems are probably stronger than 
this (that is the job of the proposers - if they keep the questions down to elementary inequality then what 
is the fun?) but nevertheless it is a must to know this beautiful inequality- 


THEOREM 2. For a,b,c € RG the following inequality holds - 


a b C 3 
+ > 
b+e cta a+b” 2 
Proof 
Note that for any positive real x,y,z we have by AM-GM - 
pan Stele 
Yo ZS ge 
Consider the following expressions - 
te b Cc 
b+e cta atb 
c a 
M= + 
b+e ct+ta a+b 
Cc a b 
N — + + 
b+e ct+ta a+b 


we have ofcourse: M + N = 3. According to the Lemma, 


a+b b+e cta 
M+S= | >3 
b+e cta atb— 
b+ +b 
Nip ee a 
b+e cta a+b 
Therefore, 
M+N+2S>3 
or 
25 >3 
or, 
3 
Se 
S25 


Practice 
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1. Extend the same idea to prove Nessbit’s inequality for 4 non-negative reals - 


a b Cc , d 


>4 
Gen ene aaa a+b~— 


2. For a,b,c € R¢, Prove that - 
2 2 2 
a“ +1 be +1 & ctl > 3 
b+e cta a+b 
(Source : Indian RMO 2006) 
3. Prove Nessbits inequality using the Tautogrid Technique 
(Left to readers) 


7. The Reverse Technique 


In most inequalities AM-GM can be applied after if for a certain inequality we are to prove - x > y, it 
ultimately comes down to the fact that - a? > 0 where a? = x — y so factorizations can help. But for factor- 
izations, one certainly has to be something short of God to be able to prove all inequalities by factorizations 
into squares but.... algebraic manipulation is certainly a powerful tool. In certain inequalities by a tricky 
manipulation we oberve that solutions are obtained are more easily. In general it should be understood that 
for a positive real number which is rational , the value increases as we decrease the denominator and the 
value decreases as we increase the denominator and the converse for a negative rational. 

As always i shall explain this with an example - 

For a,b,c € Rg, Prove that - 


a® b? 3 a+b+e 
a+b?) P+ a+ — 2 
Solution Seeing the terms a? + b?,... , instictively a student does the following - 
ae b8 roa a® b? roa 1/2? &B @¢2 1 
= = > =(a+b+c) 
az7+b? b? +c?) at¥+c? 7 2ab- 2c 2a 2D Cc a 2 


Ok, now is that correct? NO .. ok i guess this was anticipated by you.. but then what was the flaw? 
read the last lines of the paragraph and the fact that you conceived as elementary has been flawed on by the 
student. 

Now an inquisitive student wouldnt move on to a certain different try , He would try to correct his flaw 
to make his idea right. The begining of that important last line said -” Positive” so that is the cause. This 
means for applying AM-GM for those terms we need to have the fraction negative, so why not express it as 


some X — wae? Yes that is the central idea behind this useful technique.Now the solution will be - 
ae _ ab? s ab? a b\  atbte 
Doge oe “EP pa “~ Qab a a oa 2 
cyclic cyclic cyclic cyclic 
and Voila! we have a solution and it is correct and it uses AM-GM inequality. 
V 
Here the main idea is - 
at a i - abit 


kat-1+1bt-1 kk kat + lpt-1 
This is only a random form. To justify my statement that we can do several types of problems and to get 
you used to this technique, 
The strength and importance of this technique cant be more revealed than the following problems. 


Problems 
1. Let a,b,c € R* , then prove that we have 
a® b? roa at+tb+e 
+ + = 
az#tab+b2 b+bc+c? c%+cat+a? 3 
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Solution 
a® b? oa 
+ + 
a+ab+b? b+be+c c4+cat+a? 
ab(a + b) ab(a + b) a+b+e 
a oe oe? 8 PS tat ed > pms 
DG tabi R= d (a 3ab ) 3 


cyclic cyclic 


LHS = 


with equaliy fora =b=c 
(by M.Ramchandran) 
V 
The application of this technique doesnt come by just seeing the solutions given by the Author.. for 
really *learning* it, the reader is advised to try the following problems before succumbing to seeing the 
solutions. 
2. Let a,b,c € R* such that ,a+b+¢e=3. Prove that 
a, 6 be Cn ey 3 
l+c 1+a?~ 2 


T 


1+ 02 
Solution 
We have; 
a ab? 
1+0%  — 140? 
. Summing up cyclically we get that 

a ab ab” 
ies: a+b+e Diep te 2% 


1 3. 3 
aig AOC C8) aS 


since from trivial inequality we have that 


1 
(ab + be + ca) < g(a +b te)? =3 
. Therefore we are done. 


V 
Can we extend this problem to four variables? The answer is yes 


3. For a,b,c,d € R* such that a+ b+c+d=4 .Show that we have 


aa Ue CP 0, d iS 
Lee ie TSP a 
Solution In the same manner as the previous problem, we have that 
a ab 
Lge one 


Summing up we have- 


a 1 1 
— > = SS — - = 
y ippzatbteta 5 (ab + be + ed + ad) 4 5(a + c)(b +d) 


cyc 


>4 
a 2 


Equality holds fora =b=c=d=1 


l 2 
at+bt+ctd Bop Et pie 
2 2 
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4. Let a,b,c € Rt satisfy a+b+¢=3. Prove that 


2 b2 2 


a ie, ee 3s 
a+2b2 " b+2c2 ' e+2a? = 
(by Pham Kim Hung) 
Solution Obviously 
a? 2ab? 2Qab? 2 2.2 
a4 Ob =a a4 Oe =a A ay aon ates 
So we have 
So ag 23-2 (adbd + Hick + chal) 
a+ 2b? — 3 


Hence it suffices to show that 


But, 
Bog ead Bi ay, Bis Si poll 
a3b3 + b3c3 +c3a3 < g [ab + ab t1+be+bc+1+ca+ca+ 1] 
2 
=1+ Z(abtbet+ca)s1+3 3=14+2= 
because 


(at+b+c)? > 3(ab+be+ca) > ab+be+ca<3 
. Hence we finish our proof here. 
Note that this is also true for ab + bc + ca = 3. However, here I pose a challenge for the readers. 


V 

5. For a,b,c € R* such that a+b +c = 3,Prove that - 
ga be 2 
t t >1 
a+2b3? 6422 c+2a3 — 
Solution Obviously 
az 2ab _ 9 ab? 
=a a . 
a + 263 a+ 2b3 ~ 3i/a- b? 


no 2 (0a 


Hence we have 


S- a” >atbt+ec 2 (bi/a? + V2 + ae) 
a + 2b3 3 


cyc 


>Satbt+ec [b(a+a+1)+c(b+b4+1)+a(c+c4+]1)| 


2 2 
=3- 9 12(ab + be + ca) + 3} >3- 918 + 3} = 
The last inequality is true by AM-GM, and since we have 


1 
ab + be 4 cas (a+b tc)? =3. 


Equality occurs if and only ifa=b=c=1. 


V 
6. For a,b,c € R* such that a+ b+ c= 3, Prove that - 
a+1 b+1 ct+a 


| >3 
b2 +1 PL aa 


7. THE REVERSE TECHNIQUE 


Solution Since 
at+1 b?(a + 1) b?(a +1) ab ob 
—a4 >a =at+l1 
eri” rt eee 2b . a 7D 
. Therefore we have 
a+1 a+b+c pain: a) 
i ae rae ? 
3.3 
>34+ =-==83 
as 2 2 
Equality fora=b=c=1 
Hence proved. 
V 
7. For a,b,c € R* such that a? + b? + c? = 3, prove that 
1 1 1 
| >1 


a4+2) B42) A42- 
(Pham Kim Hung) 


Solution Note that 


cyc 

3.61 a® 3. ~¢«d 

> . = =1 
Deo VD 2 3 2 2 
V 
8. For a,b,c > 0. Prove that - 

a3 be ou Lys 
> + b? + ¢? 
a+b b+e eh e) 


Solution 
vag" 
atb at+b 
ab 1 ab 


ote po 2 >@tReed : 

a b Cc ) perigee c ) 3° Jab 
1 

=a +b+e°-S 5 (avab) > a? +b? + e° ) S 


rnc + b) 


1 1 
=7 +P +7? — gia +8 +e° + ab+ be + ca) >a +h+c— g(a +8 +c") 
1 
=> 5 (ae + b? + c) 
Therefore we are done. Equality occurs if and only if a =b=c. 


9. Let a,b,c € R* that sum up to 3. Prove that we always have - 
1 1 7 1 S41 
142c?a  1+2a2b — 


1+ 2b?c 
Solution Note that 
1 = 2b? _ 2 be 
1+ 2b2c 1+ 2b?c ~ 3 W/b4C2 


i) 


2 
=1-ZVbc2 1-5 (2b+0) 


w 
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Therefore we have that 
1 2 
> 2b 
eee apa oo 


cyc cyc 


2 
Sig Seer ee 1 


Therefore we are done. Equality occurs if and only ifa =b=c=1. 


V 
Practice Problems 
10. For a,b,c,d € R* such that a+b+ce+d=1.Prove that - 


a? b? Ce a? 1 
op Ss 
b+e ce+td d+a7 2 


11. Given a,b,c,d € Rt, show that we have 


at b4 cd d4 a+b+c+d 


SL Pe eae 


d3 + 2a3 = 3 


12. For a,b,c € R*™ such that a + b+ c= 3; show that we have 


ab ; be _ ca oe 
be +1 ae+17 2 


T ara | T 


(by Gibbenergy) 
13. For given four positives a, b,c,d with sum 4; show that 
a b 4 Cc d hh 
14+Be° 14+cea' 1+da' 1+a2b— 


(by Pham Kim Hung) 
15.Let a,b,c,d > 0 satisfy a+b+c+d= 4; show that 


1+ab 1+ be a l+cd 1+ad 
1+ b2c2 © 14+c2d2 © 1+d2a2 ° 1+a2b2 = 


(by Pham Kim Hung) 
16. For all a,b,c,d € R® satisfying a+b+c+d=4, Prove that we have 


a+1 b+1 c+1 d+1 


+ f >4 
bet+1 oc@t+1l dtl attlT 
17. For a,b,c,d € Rt with sum 4. Prove that - 
1 1 ; 1 ; d > 9 
GT, ee LT ee 


V 
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8. The Weighted AM-GM Inequality 


THEOREM 3. Suppose that a1, d2,43,....,@n are positive real numbers.If n nonegative real numbers 
%1,02,23..,Ln have sum 1 then, 
1a, + TAQ +... + Endy > ay'ay?...ay” 


In a way similar to the second proof provided for AM-GM. We have to prove that if z,y >0,a+y=1 

and a,b >0 
ax + by > ab’ 
Consider rational numbers x, y then take a limit. Certainly if x,y, are rational numbers then - «= >), y= 
min > m,n €N, the problem is true according to AM-GM inequality - 
ma+nb>(m+n)a7™ hme — > ax + by > a®b¥ 
If x,y are real numbers,there exist two sequences of rational numbers (rp)n>o0 and (Sn)n>0 for which r, > 
ZL, $n > Y;Tn + Sn = 1.Certainly 
arn + bs, > ade” 
or 
ary, + b(1—r,) > a"bl-" 
Taking the limit when n — oo, we have ax + by > a™b¥ 
V 

Problems 

1. Let a,b,c be the sidelengts of a triangle.Prove that - 
(a+b—c)*(b+e—a)’(e+a—b)° <a%bc? 
Solution Applying the weighted AM-GM inequality, we conclude that 


1 
a+tb—c\* b+c-a : éthaay |e 
a b Cc 


1 ( a+tb-—e bt+te-a | 
. ; +c: =1 


+ b 
a b c 


Or equivalenty, 
(a+b—c)*(b+c—a)’(c+a—b)* < at’ 


Equality occurs for a= b=c 
V 
2. Let a,b,c € R*™ such that abc = 1.Prove that - 


abte. peta. cath <4 
(Source : INMO 2001) 
Solution 1 Write the LHS as - (ab)°(be)“(ca)®.So we have to prove that - 
(ab)°(be)*(ca)? <1 
By Weighted AM-GM inequality we have - 


[(ab)°(be)*(ca)*] FF < : 


.bc + b.ca + c.ab) = ————— 
(a.bc + b.ca + c.ab) oT pee 


(By Ramchandran) 
Solution 2 WLOG:c > b> a abc = 1, s0 c> 1,so ab < 1 anda < 1 Now: 


qete . pete : cate 


= (abc)* + ba®—*b°? 
= aco tye? 


_ (ab) °a’@ 
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< jc—byb-a 


=1 
Therefore a?t¢ . b¢+@. ett? < 1 
(by mathlinks user: rem) 
Solution 3 Note that - 
1 
~ atbece — 


the last inequality is true because for a, b,c individually greater or lesser than 1 we have - 


qete . pete 3 cate 


Osa Sb Se 


(by mathlinks user:Maharjun) 
V 
3. Let a,b,c € R¢, Prove that - 


4(a +b +c) > 3(a+ (ab)? + (abc)>) 


Solution 


5 +b +4e) > 3a + Vab + 2Vab + 3V abe 


(by Aravind Srinivas) 


9. Method Of Balancing Co-efficients by AM-GM 


In most inequalities we have to group terms suitably so that classical inequalities like AM-GM , C-S etc.. 
can be aplied to get the result.This is not as easy as it looks, it requires proper terms and proper grouping. 
We usually need some additional variables to solve the equations for finding out the original variables.This 
is the Method of Balancing co-efficients. In this chapter we shall see the method using AM-GM Inequality. 

Let me demonstrate it with a simple example - 

1. Ifa,y,z €R* such that zy + yz + zz =1 ,then find the minimum of the following expression- 


k(x? + y7) + 2? 


Solution Lets experiment with some values of k shall we? Let k = 10, so we are now required to find the 
minimum of this non-symmetric expression- 


10(x? + y*) + 2? 


How do we apply a classical basic inequality like AM-GM for this? Well it does seem horrendously difficult, 
so lets take a sneak-peek at the magical solution? By AM-GM we have the following inequalities, 


2x7 + Qy? > Ary 
2,1 5 
8a* + =2° > Ayz 
2 
2,14 
8y~ + 97 > 42x 


and summing up these we have, 


10(x? + y?) +. 2? > A(ay + yz + zx) = 4 
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Equality holds for 


vw=Yy 

44 =z 

4y =z 

oie atl 

=> ee ale 
_4 

ae 


Hurray ! We did it!!(don’t get envious i like you was flabbergasted at this cause it aint mine) how can 
a guy arrive at this?? why not pair up 1 and 9 , 5 and 5 or something? All answers shall be revealed in the 
following lines. back to our general problem, Lets choose some | < k , then apply AM-GM this way, 


lx? + ly? > 2lay 


(k — ly? + ie > yrrv/2(k — I) 


summing up we get this - 

k(x? + y*) + 2? > Qlay + (yz + zx) /2(k—-) 
now we have a condition given - xy + yz + zx = 1 so for obtaining a numerical value we have to have the 
co-efficients in the RHS the same and without a variable hopefully. so intuitively lets just equate them- 
21 = ,/2(k — 1) and solving this we obtain that 


leh VER Se 
- 4 
and ofcourse substituting this in the equation we get the minimal value we are looking for to be - 


—14+vV1+ 8k 
2 
so we observe that there is a unique pair of integers - /,k — 1 that show us the way by AM-GM. Now that is 
the reason we were seeing the use of 8,2 and not 3,7 etc.. sure enough you can check the credibility of the 
pairings now! 
Note 


l 


V 
2. Let x,y, z,t be real numbers satisfying vy + yz + zt + tx = 1. Find the minimum of the expression - 


5a? + dy? + 52? +2? 


Solution Here k = 5, so we chooose | < 5, 


lx? + 2y? > 2V2lay 
Pipe el bee) 2VAlyz 
(5D? +52 > JS—Dia 
Summing up these results, We conclude that 
ba + dy? +527 +0? > 2V/2l(vy + tz) + /2(5 — I(2t + ta) 
The condition xy + yz + zt + tx = 1 suggests us to choose a number I(0 < 1 < 5) such that - 
aval = /2(5 — 1) 


. A simple calculation yields 1 = 1, thus the minimum of 5x? + 4y? + 5z? is 2/2 
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Note Using the same method, solve the following problem : 
Let x,y, z,t be arbirary real numbers. Prove that - 
2k 


ak 
3 
=) ‘(cy + yz + zt + ta) 


et+ky +241? > ( 
3. Let x,y,z be positive real numbers with sum 3. Find the minimum of the expression 
etyt+23 
(Pham Kim Hung) 
Solution Let a and 6 be teo positive real numbers.. Then,by AM-GM inequality we have - 


eta? > 2ax 


y? +a? > 2ay 
2+ b% +0? > 32b? 
Combining these we have x? + y? + 23 + 2(a? + b?) > 2a(x + y) + 3b?z with equality for c = y = a and 
z = b.In this case, we could have 2a +b = x+y+z = 3(x). Moreover, in order for 2a(x + y) + 3b7z to be 
represented as x + y+ z, we must have 2a = 3b?(x*).Accordin to (x) and («*) we can find out that, 


o Shbvsf. Bab 194/37 

ge ee 

Therfore the minimum of x? + y? + z° is 6a — 2(a? +b?) where a,b are as determined.The proof is completed. 
V 

4. For x,y,z € Rt such that ry + yz + zz =1, Prove that - 152? + Ty? + 327 >6 

(Own Inequality) 


b 


Solution Rewrite the Inequality as - 
7 
5a’ + gy +2" 22 


By AM-GM we have , 
x? +y? > Qary 
1 
Ag? + ae > 2xz 
4 3 
ae + ie > 2xz 


now adding these we get the desired. 


10. Quasiliearisation 


This is a very intrigueing idea due to Russian problem proposer - Fedor Petrov 
We know by AM-GM that , 
2ab < a? +b? 
Introduce a parameter and get the following: 


b2 
2ab < ta? + a 


Then read the last inequality from the other point: for any positive a,b there exist positive t such that 
b? b 
2ab = ta? + — (f= — 
a a’ + ; ( 7) 
Or, we may write: 
b2 
2ab = min(ta? + Pe 
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How may this observation help? Put 
2 2 
a= S-(27),6 = SW) 


Then for appropriate t we have: 


— b 
avavb=tat > => (tai ee, A) > (20m) 
So, we get the Cauchy-Schwarz Inequality. A lot of soe inequalities also may be proved by this idea 
Problem Prove that for any four nonnegative reals a,b,c, d the following inequality holds- 
(ab)3 + (ed)3 < ((atc+b)(a+c+d))3 


(Source:Proposed at 239 Lyceum Traditional Olympiad) 
(Author : Fedor Petrov) 
We have 


1 
3(AB)3 < Ax + By + — 
vy 
And for any positive A and B there exist appropriate x and y ,for which equality holds 
_ (AB)S _ (AB)3 
ee ale ian 


Let 
A=(a+c+b),B=(a+c+d) 
in terms of the problem. For some positive x,y we have - 


3(AB)5 = Av + By += = (ate tbjatlatetdy4 = 7 
(ate+b)r+(atc+d)y4 wee ei) = (a(x+y)+be4 exp) (cle+y)+dy+ > 3(ab)? +3(ed)3 


By AM-GM and we are done! 


11. Equivalent Summation Technique 


This is an interesting technique that helps us to solve elegantly many problems. It involves finding a 
suitable equivalent summation and using it prove the inequality given. Let me demonstrate it through the 
following already discussed example - 

1. Prove that for a,b,c € Rt - 
a3 b3 e a+b+c 
a+abt+h |) P+be+2° 2+cata2 — 3 


Solution 1 


a’ —0 a? b 1 3 4 98 a+b+c 
a2 + ab+ b2 ? 21 Fab tB 21 Fab +B 3 2 a ab+ 8 = 3 


But there exists another nice solution using the reverse technique. The solution runs as follows: 
3 


a ab(a + b) ab(a + b) 
a a ea EN Ys pee yo ee 
21 Fab eB >: etm zat ta asp 


cyc 


Since we have a? + ab + b? > 3ab from AM-GM. Therefore we have that 


a? 2 a+b+c 
>at+b4 b4 = 
2 ee a aa 3 


Hence proved. Equality occurs if and only ifa=b=c. 
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Solution 2 By the same idea, 


1 a? +b? 
LHS=5)) 


a2 +b? + ab 
. But 
2. 72 
ae a’ +b 
2 
and 
2(a® + b°) > (a+ b)(a? +b) 
Therefore 
pester 
3 
V 
2. For a,b,c € Rt with sum 1,prove that - 
ab be ca 2 1 
Vab + be : Vbc+ ca Veatab™” V2 
(MOSP 2007 3.2) 
Solution 
ab be ca 2 1 
JVab+bc Vbc+ca Vcatab” V2 


/2ab 


ab 
Daag ens 


just need to prove 
a+b+c 


ab 
< 
as Ja 2 


note that 


ab bc 
ee ee 


this is true because : 


ab—be (ab — be)(v/ab — Vibe) _ 7 
Diep cay eS ab — be D(vab — vbe) =0 


so equivalent to 


S- ab + be Ee en wee 
ab+Vbc — ) 


and this is equivalent to - 


a 
LGaueny 


and hence proved. 
(by mathlinks user 


: kuing) 
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12. The G function 


This is a beautiful idea for which credit goes to inequality solver - Pham Kim Hung (hungkhtn). 


DEFINITION 3. For a,b,c € R™ , we define, 
b 
Capes — ns 
boca 


It is trivial to oberve by AM-GM that always - 
G(a,b,c) 20 


Some nice properties have been found and some tough inequalities have been solved by this idea. 
Pham Kim Hung’s Nice Factorisation 


Ces c 3=(F4 b 2) : (23 cb 1)-e | (b—c)(a—c) 
boc oa boa c a a 
this factorization plays an important role in many proofs 
Note 
The inequality - G(a, b,c) > 0 is a cyclic inequality and thus no pair-wise order can be assumed. 
I shall present some properties of this important function. 
Properties 
1. For a,b,c, k € R* we have - 
G(a,b,c) > G(at+k,b+k,c+k) 
Proof WLOG : c = min{a, b,c} We have , 
(a—b)? | (b—c)(a—c) 


G(a, b,c) = 


ab ca 
So it is enough to prove that - 
(a—b? | (b-ea-e) , (ab, (b-)(a~o) 
abo ca —(atkj(b+k)  (c+k)(a+k) 
This is true as k > 0 and by assumption - (a — c)(b—c) > 0. Hence proved with equality for a =b=c 
V 


2. For a,b,c, k € R* we have - 
G(a,b,c) > G(a+b,b+c¢,c+a) 

Proof We only have to show that - 
(a — b)? (b—c)(a—c) eS (a — b)? 


ab ca ~ (at+c)(b+c) 
It is trivial to see that the inequality is true. 
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Note The following problem (equivalent to the property discusses above) was asked in the Mathlinks 


contest 2003 - 


a+b b+c  cta 
bo c a b+e eas a+b 
V 
The following properties(same conditions as above)can be solved using the same method - 


3. For a,b,c, k € R* we have - 


(by Darij Grinberg) 


4. For a,b,c, k € Rt we have - 
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(by M.Ramchandran) 
5. Let a,b,c,k € R*, then If and only if the sum of any two of {a,b,c} is less than 2 


G(ab, bc, ac) > G(a, b, c) 


(by M.Ramchandran) 
6. For a,b,c,k € R* and let a > b> c then, 


b2 2 
a2 Cc 


ee b 
be’ ca’ ob) — G(a, ,¢) 


(by M.Ramchandran) 
7. For a,b,c,k € R* and let k > max{a?,b?, c?} then, 


G(a,b,c) > G(a? +k, b? + k,c? +k) 
(Pham Kim Hung) 
8. For a,b,c,k € R™ we have - 
G(a°,b*,c?) > 3G(a?, b?, c”) 
(by M.Ramchandran) 


9. For a,b,c, k € R™ we have - 


(by M.Ramchandran) 
If more properties are invited to be shared with the author by e-mail. 


13. Problem Set 

This section consists of problems a step more difficult then the problems already discussed. 
1. Let a,b,c € R* such that, a +b+c¢=3.Prove that - 
Jat+tvb+/e> ab + be + ca 
(Source : Russian MO 2004) 

Solution By AM-GM, 

a +Jfa+Va> 3a 

b+ Vb+ Vb > 3b 

2 +V/e+vVe> 3c 
Thus,by adding the above and usinga+b+c=3, 

+47 4+2(Va+ Vb+ Vo) > 3(at+b+c) =(a+b4+c) 
= 2(/a+ Vb+ Ve) > 2(ab + be + ca) 
= Va+vb+ Ve >abtbe+ca 


With equality fora =b=c=1 


2.Let 2, y,z € R*.Prove that - 
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23 
(Source : APMO 1998) 
Solution After expanding, the inequality reduces to - 


x 4 y ; z > x+y ab z 
Yo 2 £ (ayz)3 
For the proof of this inequality see Lemma . Equality for « = y = z 
3.Let a,b,c be positive real numbers.Prove that 
1 1 : 1 & 1 
a+abe+b? © B+abe+3 | 3 +abce+a® — abc 


(USA MO 1998) 


Solution Using the lemma : a® + b? > ab(a + b) 
abc 2 abc _ c 
a? +b? +abe~ ab(a+b)+abe at+bt+e 


Construction two more similar inequalities and adding we get the desired result with equality for a =b=c 
V 


4. If 21, 2@2,...%, € Rt such that - 


1 1 1 
t Peis te =] 
l+a 14+ 22 1+2n 


, Prove that - 
U1 QL3....En > (n — 1)” 
Solution The condition is equivalent to - 
1 1 ; 1 _ £n 
14+ %n-1 1+ 2 


1 + Ly 1 + v2 cow 
Using AM-GM inequality for all the terms in the LHS we get - 
Lie n—-1 


2 mk 
T+2n ~ ((1+21)(1 + x2)(1 + 23)...(1 + 2n))* 


Similarly constructing n more inequalities and multiplying all we get the desired. Equality for 7; = n— 1 
for 7 € {1, 2,3, ...n} 


V 
5. Suppose that x,y,z € Rt and 2° + y° + 2° = 3.Prove that - 


Solution Notice that - 
(x® + y® + 25)? = 21° Qe5y> y? 225 1 710 4 9,545 _ g 


This suggests the use of AM-GM in this way - 


4 
10- =, + 6xy° + 301° > 194% 
y 


Adding all the cyclic results we get, 


4 
av 
10(5 + 2+) 43 + +2)? > 19(2? 4 y? 42%) 


Therfore it is enough if we prove - 
100 100 
(x19 +y 19 
which is true by AM-GM because - 


3+19 S> = S° (1+19e7") > 20 S* a? 


cyclic cyclic cyclic 


100 
tz >e+yt2? 
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Equality forr¢ =y=z=1 
V 
6. Suppose that x,y,z € R+ and «4 + y* + z4 = 3.Prove that - 
25 25 25 
re +ye +28 >38 
(Own Inequality) 
Solution The inequality is equivalent to - 


3+24 > re > 2524 


cyclic 
which is true by AM-GM : 
> (1424 So w#) > 25 So at 
cyclic cyclic cyclic 
Equality forr7 =y=z=1 
V 


7. Let a,b,c € R* such that abc = 1.Prove that 
(ov? | (ots | jot +3 
atl b+1 c+17— 
Solution After applying AM-GM to the left hand side we get - 
(a+ b)(b+c)(e+a) > (a+1)(b4+ 1)(e+1) 


and since abc = 1 it is equivalent to - 


ab(a + b) + bc(b+ c) + ca(ce+ a) >at+b+c+ab+be+ca 


(Source : Mathlinks Contest) 


By AM-GM, 
2LHS + S- ab > S- (a°b+a*b+a°c+a7c + be) >5 S- [a® - (abe) 3] 5 =5 S- a 
cyclic cyclic cyclic cyclic 
2LHS+ S\ a= Y~ (ab4+0704+Ra+ ate) >4 Y~ [(ab)- abc] 
cyclic cyclic cyclic 
Therefore, 
4LDHS + S- ab + ye a>5 Se a+5 S- ab 
cyclic cyclic cyclic cyclic 


= 4LHS>4| Yo a+ Sab 


cyclic cyclic 


Hence Proved. Equality fora =b=c=1 
V 


8. Let a,b,c,d € R¢ such that a+b+c+d=4. Prove that - 
av+h+e+d?—4>4(a—-1)(b-1)(e—1)(d-1) 
(Pham Kim Hung) 


Solution By AM-GM , 
a? +b? ++? —45 (a— 1)? + (6— 1)? +(c-— 1)? + (d—1)? > 4y/[(a — 1)(6 — 1)(e — 1)(d—- 1) 


If the RHS of the question is negative, then the question is meaningless . So we only have to consider the 
case when-a>b>1>c>dSincea+b<4andc,d <1 and by AM-GM, 


(1—e(1-d) <1 
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(a —1)(b <5 +b—2)? <1 


Therefore - 


(a —1)(b—1)(1—c)(1—d) <1 


and the conclusion follows. Equality fora =b=c=d=1,a=b=2,c=d=0 and cylic permutations. 


9. Let a,b,c E RG anda+b+c=3. Prove that - 


aJ1 +B +bV/14+-84+eV14+a3 <5 


(Pham Kim Hung) 
Solution We know by AM-GM that, 


So aVi tb = So aVa+ 0-54) < 502 +B) 


cyclic cyclic cyclic 


Thus we are left to prove that - 
ab? + bc? + ca? < 4 


WLOG : Let b be the middle number in {a,b,c} So we have , 
a(b—a)(b—c) <0 
= ab*?+a?c< abe+a’b 
Thus is it is enough if we prove that - 
abe + a7b + bc? < 4 & B(a? +ac4+c*) <4 
By AM-GM inequality, 


b 3 
ia hie) eboney Si ee Dawa’ =4 
2 2 3 
This finished our proof with equality for a = 1,b = 2,c = 0 and cyclic permutations. 
V 

10. Let a,b,c € R*.Prove that - 

a BP 8 @ wb @e 

+54+-5>—-4+-+ 
b2 ce? a OD ca 


(Source : JBMO Shortlist 2002) 
Solution 1 Note that, 


or, 
a® > a2b+ ab? — b? 


which is true by Lemma . Add all cyclic results to get the desired 
(by mathlinks user : limes123) 


Solution 2 By AM-GM, we know that 


We shall prove , 


or, 
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¥ ($+) > S° 2a 


cyc 
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It is true by AM-GM, 


Hence Proved. 
(by Johan Gunardi) 
Solution 3 
LEMMA For a,b € RT, 
a? +b® > abla+b) 


We have, 
Ge oe a3 ~a® +b? ~ ab(a+ b) ~ (a? 
(Gt a+) +ar049=D (E+) => a 2p a (Ft) 
a? b3 3 = a? b? 
anaes Sige s ho eo a 


11. For a,b,c € R*.Prove that - 


(Vascile Cirtoaje) 
Solution Note that by AM-GM we have - 


6 pe pe 6 pt 
3B =Dula at a a 


(by mathlinks user : karis) 


V 
12. For a,b, c,d € R*.Prove that - 
a4 pl ¢l4 gi 28 & gg 8 
Mood Oe gk = Geng ee a 


(Vascile Cirtoaje) 
Solution Note that by AM-GM we have - 


q'4 pl4 ci4 qi4 bs 
oa =e + 2 ae oae a: 


V 
13. Let a,b,c € R* such that they are all pairwise distinct . Prove that - 


a+b b+e  cta 


a—b b-c ca 
(Source : Iranian National Olympiad (3rd Round) 2007) 


(by mathlinks user : karis) 


>1 


Solution Set , 


a+b _ 
Geo 
b+e 


fae 
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arc 


=Z 
c— a 
= tytyztzr=1 
By AM-GM we have, 
(aty+2)? > 3(aytyz+2r)=3 = |rty+2|>V3> 


(by mathlinks user : Phm Thnh Quang) 
V 
14.Prove the following inequality for all a,b,c € R¢ - 


b 3(abc) 
ee cme (abc) 


Solution LEMMA For a,b,c € R™. 


Proof By AM-GM we have - 


a b a2\ 3 a 
Be ee) ee aol 


cyclic cyclic cyclic 
we have to prove that - 
at+b+c  3(abc)3 
(abe)3 = atb+ce 7 


atb+e. atb+te atb+te . 3(abc)3 a+b+c 
rd rt rt 24- =n 
3(abc)3 3(abc)3 3(abe)3. = a+ b+e 3(abc)3 


Hence proved with equality for a=b=c 


By AM-GM, 


(by mathlinks user : enndb0x) 
V 
15. Let a,b,c € Rt such that abc = 1.Prove that - 


a+b? +c? +9(ab+ bce+ ca) > 10(a+b+c) 


Solution This beautiful problem has many solutions - mostly involving some high-level methods like 
uvw method, mixing variables etc..But, the following extra-ordinary generalisation was given by an Indian 
- Aakansh Gupta - 


So? +k) ab> (k+l) aVkeR 


cyc cyc cyc 
Proof 
We have 


S°a>3and So ab>3 


cyc cyc 


> (Sra) + (So ab), >3Soat+35 ab 


cyc cyc cyc cyc 


=So? +560 > at S ab 


cyc cyc cyc cyc 


=(So@+k> ab)+(S PP +h a) > (k+ 1S at(kt+1)S— ab 


cyc cyc cyc cyc cyc cyc 


>So +k ab>(k+1) Soa 


cyc cyc cyc 
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Or, 
So eb +k a> (k+1)5_ ab 


cyc cyc cyc 
If first one occurs we are done and if the second one occurs then replace a by + ; b by i ;cby + and we 


get the same expression as the first one and thus we have proved !! 
V 
16.Prove that for a,b,c € Rt - 


EZ Vo +y 2c _ (a+6+ c) (ab+ bc + ca) 
a+b’ Vb+e cta~ \/(a2 +b? +c?) (a2b? + b2c? + c2a?) 


Solution 
2b 4b 
b+c” 3b+c 
2c 4c 
cta” 38ct+a 
2a 4a 
> 
a+b” 3a+6b 
So that, 


bat Veet yeces Gs iw ES ke 
ao" b+c- cta~ 3a+b  3b4+c. 3c+a 


From Titu’s Lemma and the following well-known inequality a? + b? +c? > ab+be+ca 


a ns b Co. a? i b? C 
3at+b | 3b+c  3c+ta  3a2+ab 3b2+bc | 3c2 +ca 
(a+b+c) (a+b+c) 


> > 
—~ 3(a? +62 +c?)+ab+bc+ca ~ 4(a? +6? +0?) 


EZ +7 2b +7 2c 5 (atbto)’ 
a+b b+e cta a?4+b24+¢? 


We also have, (just prove analogously) 


J atVe oe ee eee +¥52 
a+b b+e Veta Vactbhe | ba + ca cb + ab 


(ab + be + ca)” 


Therefore, 


So that, 


2a 2b 2c 1 [ (a+b+c) (ab + be + ca)? 
+ + > + 
a+b b+e cta™” 2\a?4+04C at? 4+? 4+ Ca? 
(a+ b+ c) (ab+ be + ca) 
~ s/(a2 + b? + c?) (a2b? + b2c2 + c2a?) 


(from AM-GM inequality) 
The proof is completed. Equality holds if and only ifa=b=c 
(by mathlinks user : leviethai) 
V 


13. PROBLEM SET 29 
17. For a,b,c € R{ . Prove that - 


ee 1 1 1 ) Se 
(ab + bc + ca) os + Gre? + (eta) =4 
(Source : Iran 1996) 
Solution This is one the most famous, discussed and celebrated inequality of all times. In the year asked 
it was percieved as a very difficult inequality not solved by any elementary methods but this notion was 
wronged by this solution given by the Vietnamese Inequality Solver well known for his beautiful solutions - 
Va Quoc Ba Can (mathlinks uers id : canhang2007) 
Without loss of generality, we may assume that a > b > c. Then, we will show that 


1 1 1 1 2 


Geer (Gee ben 4b: eo noO Le) 
Indeed, this inequality is equivalent to 
1 : 1 2 = 1 1 
(atc)? (b+0)2 (atc(b+c) ~ 4ab (a+b)? 


or 
(a — b)? (a —b)? 


GLOZepoe 4bGa4 B? 


This is true because 
4ab > 4b? > (b+)? 
and 
(a+b) > (ate)? 


Now, using the above estimation, it is sufficient to prove that 


(ab + bc + ca) : 2 Sie 
dab (a+c)(b+c)}]~ 4 
Since 
ab+be+ca 1, c(at+b) 
dab A Aa 
and 
2(ab + be + ca) _ Je 
(at+c)\(b+c) — (a+c)(b+c) 
it is equivalent to 
c(a + b) gk. 2c? 
dab ~~ (at+c)(b+c) 


or 
(a + b)(b+ c)(c+ a) > 8abe 


The last one is true according to the AM-GM Inequality, so our proof is completed 
It stands out as one of the best solutions for the inequality. 
V 
18. Let a,b,c € R* such that abc = 1. Prove that - 
ak bk ct 3 
> 
a+b b+ce cta™ 2 


for any positive integer k 
(Source : China Northern Mathematical Olympiad 2007) 
Solution Re-write the LHS as - 
3 aP-tp 
k-1 4 pk-l 1. k-1 
grr eh Ne 


a+b 


cyclic 


1. AM-GM INEQUALITY 
= applying AM-GM to the denominators in the RHS we get - 


RHS < S~ ak-2b3 
cyclic 


Thus, it is enough if we prove that - 
Dah" ee YS ot ak 252 + F-23202 + ch-2Q3 
This follows directly from AM-GM as - 


a} 4 ph) 4 eh S 8. (abe) "> =3 


And also , 
(k= 3)a"s) a 1 > (2k — 2)ab- 352 
(2k — ei tS (k=O 2 
(2k — 3)c* LS(Qk = Desa 


Adding the above we get the desired.Equality ey a=b=c=1 


(By Pham Kim Hung) 
V 
19. Prove that for a,b,c € R*, we have - 


4, 3 = 6 
ab+bc+ca~ a+b+e 
(Source : Macedonia Team Selection Test 2007) 


Solution The inequality is equivalent to - 


3(a + b+¢c) 
a+b+e+ 2 
ab + be + ca 
By AM-GM inequality we have, 
L 2 
ee ore 3(a+b+c) +2 3(a+b+c) > 
ab + bc + ca ab+ be + ca 
Equality fora=b=c=1 
(By Vo Danh) 
V 


20. Let a,b,c > 0 such that abc > 1. Prove that - 


roe hal Pe i eo 
pra 
rae Tepe ter 8. 


(Source : Ukraine Mathematical Fes- 


tival 2007) 
Solution By AM-GM we have - , 


and , 


Adding the two inequalities we get - 


a+ 


Si 
lta 2 
Obtaining similarly all the cyclic inequalities and multiplying them we get - 


1 1 1 
a+ —— } | b+—— } [c+ —— > Vabe > 
a+l1 1+6 l+e 


Equality fora=b=c=1 


13. PROBLEM SET 


V 


(by Nguyen Dung TN) 
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